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A B S T R A C T

There is growing requirement to use recycled aggregate in concrete to demote industrial wastes produced by con-
struction sectors. Thus, to develop simple but meaningful formulations to assess the mechanical properties of
concrete, when it is mixed with both natural and recycled aggregates, becomes essential. In the present study an
analytical approach to calculate the elastic modulus of concrete containing both natural and recycled concrete
aggregates is proposed. The approach is developed on the concept of effective medium approximation but con-
sidering the effect of Poisson's ratio. Two analytical formulas are derived. One is for the two-phase concrete
(mortar and aggregate) that is mixed with 100% natural aggregate or 100% recycled concrete aggregate. The
other is for the three-phase concrete (mortar, natural aggregate, and recycled concrete aggregate) that is mixed
with both natural and recycled aggregates. The analytical formulations are validated using the results obtained
from both the numerical simulations and experimental tests. The present analytical model not only provides the
simple and meaningful formulations to calculate the effective elastic modulus but also can be used to directly ex-
amine the influence of mortar, natural aggregate, recycled concrete aggregate and its replacement ratio to nat-
ural aggregate on the elastic modulus of the mixed concrete.

1. Introduction

Social and economic development requires an increasing demand
on infrastructure, particularly in developing countries. Concrete is one
of the commonly used materials for infrastructure. In order to ensure
sustainable and cost-effective but still profitable concrete production,
the construction industry will have to develop alternative types of con-
crete that not only can improve energy efficiency but can also cut CO2
emissions and reduce the use of nature resources. Cutting down ordi-
nary Portland cement content and replacing natural aggregate with re-
cycled aggregate in concrete represents a novel technology, which en-
genders considerable interest in construction sector, particularly due to
the growing emphasis on sustainability. Currently, recycled concrete
aggregate (RCA) produced from demolition waste and/or crushed con-
struction is the main type of the recycled aggregate used in concrete.
The RCA generally consists of mortar and aggregate materials (e.g. slag,
gravel and crushed stones) that are previously mixed in the concrete
(Dhir and Lye, 2019). The concept of using RCA to substitute natural
aggregate in concrete is not new. However, its practical implementa-
tion is not widely recognised. This is partly because the variability of

the properties of RCA when it is taken directly from recycled concrete
(Colangelo et al., 2021), and partly because the RCA might contain
chlorides if the parent concrete has been served in marine environment.

To foster a wide utilization of recycled aggregate in concrete, nu-
merous studies have been carried out by examining the mechanical and
durability properties of the concrete in which natural aggregate is par-
tially or fully substituted with RCA. For example, Xiao et al. (2005) pre-
sented an experimental investigation on the mechanical properties of
the concrete mixed with five different replacement percentages of RCA
to natural aggregate. Etxeberria et al. (2006) conducted the microstruc-
ture and material characterisation analyses of recycled aggregate con-
crete (RAC). Padmini et al. (2009) examined the effect of the grade of
the recycled concrete on the mechanical properties of RAC. Cabral et al.
(2010) investigated the mechanical properties of the concrete mixed by
using different water-to-cement ratios and different substitution ratios
of RCA to natural aggregate. Duan and Poon (2014) reported the me-
chanical properties of the concrete mixed with different amounts of old
adhered mortar in RCAs. Pedro et al. (2014) examined the effect of
RCAs obtained from different sources on the mechanical properties of
the mixed concrete. Gholampour et al. (2017) proposed an analysis
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model for predicting the mechanical properties of RAC by using gene
expression programming techniques. Shaikh (2017) examined the in-
fluence of silica fume on the early-age and long-term mechanical prop-
erties of RAC containing slag. Zhou and Chen (2017) presented an ex-
perimental study on the influence of the recycled crushed rock aggre-
gate and recycled pebbles aggregate on the mechanical properties of
RAC. Jayasuriya et al. (2018) examined the influence of adhered mor-
tar content on the mechanical properties of RAC by using 2-D finite ele-
ment analysis method. Gholampour and Ozbakkaloglu (2018) pre-
sented a study on the long-term properties of concretes mixed with RCA
taken from parent concretes of different strengths. Bui et al. (2018) re-
ported a study on RAC in which the RCA was improved by using sodium
silicate and silica fume. Adessina et al. (2019) conducted the experi-
mental and numerical investigations of RAC. Their work included the
mechanical properties and chloride diffusion. Song et al. (2019) re-
ported a study on the effects of the content and particle size of recycled
glass on the damping ratio of RAC. Xu et al. (2020) reported an experi-
mental study on the evaluation of using iron ore tailings to produce tail-
ing RAC. Wang et al. (2020) presented an experimental study on the ef-
fect of specimen size on the compressive strength, splitting tensile
strength, and elastic modulus of RAC. Khattab et al. (2021) examined
the effect of elevated temperatures on the physical and mechanical
properties of concrete with different water-to-cement ratios, made by
replacing 20% of natural aggregate by recycled brick aggregate. Xu et
al. (2021) reported the mechanical properties and resistance against the
coupled deterioration of sulphate attack and freeze-thaw cycles of tail-
ing RAC. Hu et al. (2021) investigated the mechanical properties, dry-
ing shrinkage, and nanoscale characteristics of the concrete prepared
with zeolite powder precoated recycled aggregate. Zadeh et al. (2021)
examined the carbonation treatment effect on the improvement of the
mechanical and environmental properties of RCA. Tang et al. (2022) in-
vestigated the compressive and tensile strengths of RAC in which both
the coarse and fine aggregates are substituted by RCA. Dang et al.
(2022) examined the influences of pore structure and morphological
characteristics of recycled fine aggregates from clay bricks on the me-
chanical properties of RAC. Wang et al. (2022) investigated the com-
pressive strength, dynamic elastic modulus, and diffusivity of RAC with
different RCA substitution ratios. Bai et al. (2022) reported an experi-
mental study on the uniaxial compressive mechanical properties of RAC
specimens with different silica fume contents at different strain rates.
Htet et al. (2022) presented a work on the physical and mechanical
properties of quaternary blended concrete with recycled coarse aggre-
gates and crushed waste glass. Ye et al. (2022) investigated the mechan-
ical properties of RAC mixed with different volume ratios of polypropy-
lene fibre.

Recently, Zhao et al. (2023) examined the compressive strength,
flexural strength, and elastic modulus of RAC in which the RCA was
treated by using nano-SiO2. Aziez et al. (2023) investigated the me-
chanical properties of ordinary Portland cement concrete mixed with
coarse recycled asphalt pavement aggregates. Zhang et al. (2023) pre-
sented a review article on carbonation mechanism related to CO2 min-
eralisation and hydration, microstructure and multiscale mechanical
properties of concrete containing carbonated RCA. Huang et al. (2023)
presented a comparison study on the mechanical properties of RAC be-
tween using RCA and recycled brick aggregate. Guo et al. (2023) pre-
sented an experimental investigation on the effects of lateral confining
pressure and recycling cycles on the mechanical properties of RAC sub-
jected to triaxial compression in which the concrete was mixed with the
RCA that had been recycled several times. Note that apart from the use
in ordinary Portland cement concrete, the RCA has been also used in
geopolymer concrete (GPC). For instance, Shaikh (2016) investigated
the mechanical and durability properties of fly ash-based GPC contain-
ing RCA. Damrongwiriyanupap et al. (2022) presented an assessment of
mechanical properties of alkali-activated concrete containing RCA. Xie
et al. (2019) examined the effect of combined usage of ground granu-

lated blast-furnace slag and fly ash on the workability and mechanical
properties of GPC mixed with RCA. Mesgari et al. (2020) presented a
study on the recycling of GPC and the use of coarse recycled GPC aggre-
gate in both the GPC and OPC concretes.

The above literature review shows that there are numerous research
works on the mechanical properties of the concrete when it is mixed
with different types of recycled aggregates. However, most of these
works are the experimental studies, numerical analyses, and/or the ap-
plications of RCA in different types of concrete (Lin et al., 2023; Chen et
al., 2023; Xu et al., 2022; Deresa et al., 2021). There are very few work
on the analytical study. The modulus of elasticity of a material is one of
the most important properties of the material because it represents the
capacity of the material to resist deformation under an applied load. In
this paper, an analytical approach is developed for the calculation of
the elastic modulus of RAC when its aggregate involves both the natural
and recycled aggregates. To demonstrate the reliability and rationality
of the present model, the analytical formulations derived from the pre-
sent model are validated using the results obtained from both the nu-
merical simulations and experimental tests.

2. Two-phase spherical model for evaluating elastic modulus of
concrete

Concrete is a composite material, which is composed of a large num-
ber of randomly distributed aggregates embedded in a hard matrix of
cementitious material that fills the space between the aggregate parti-
cles and glues them together. The mechanical properties of the concrete
thus are dependent on the properties and volume fractions of the matrix
and aggregate.

Consider a two-phase, three-dimensional spherical model of con-
crete as shown in Fig. 1a, in which its outer layer represents the matrix
and inner core represents the aggregate. Assume the sphere is subjected
to a uniform radial tensile stress on its outer surface. According to the
theory of elasticity (Timoshenko and Goodier, 1970) (page 453), the ra-
dial displacement and radial stress component in the aggregate and ma-
trix can be expressed as follows.

In the aggregate where 0 ≤ r ≤ a,

(1)

(2)

In the matrix where a ≤ r ≤ b,

(3)

(4)

Fig. 1. (a) Two-phase spherical concrete model. (b) Single-phase
spherical concrete model with effective properties.
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where a and b are the inner and outer radius of the matrix, u and σr
are the radial displacement and radial stress component, the superscript
“a” and “m” represent the aggregate and matrix, respectively, r is the ra-
dial coordinate, E1 and E2 are the elastic moduli of the aggregate and
matrix, ν1 and ν2 are the Poisson's ratios of the aggregate and matrix, re-
spectively, C1, C2 and C3 are the constants to be determined based on
the stress boundary condition at outer surface, and the continuity con-
ditions of radial displacement and radial stress component at the inter-
face between the aggregate and matrix as follows,

(5)
(6)
(7)

where σb is the radial tensile stress applied on the outer surface of
the sphere. Substituting Eq. (4) into (5), Eqs. (1) and (3) into (6), and
Eqs. (2) and (4) into (7), it yields,

(8)

(9)

(10)

Solving Eqs. (8)–(10) for C1, C2 and C3, it yields,

(11)

(12)

(13)

where , , , and is the
volume fraction of aggregate in the mixture. The radial displacement of
the outer surface of the sphere thus is given by,

(14)

If we treat the sphere as a single material by using the effective elas-
tic modulus Eeff and effective Poisson's ratio νeff, as shown in Fig. 1b,
then, according to Eqs. (1) and (2), the radial displacement of the outer
surface of the sphere can be expressed as follows,

(15)

where . The comparison of Eqs. (14) and (15) indicates
that, if these two spheres have the same radial displacement on the
outer surface when they are subjected to the same radial tensile stress
on the outer surface, then the following equation must hold,

(16)

Eq. (16) can be used to calculate the effective elastic modulus of
concrete containing mortar and aggregate. Interestingly, if kv = 2 then
Eq. (16) turns to the well-known expression given in the Maxwell
model, which has been widely used for the prediction of electrical con-
ductivity and thermal conductivity in two-phase composite materials
and chloride diffusion coefficient in concrete materials (Fang et al.,

2020, 2021a, 2021b, 2021c; Yuan et al., 2023; Li and Li, 2022). If, as an
approximation, we take ν2 = 1/5 for the Poisson's ratio of the mortar,
this gives kv = 1. This indicates that Eq. (16) is slightly different from
the Maxwell model. This is because the derivation of Eq. (16) considers
the effect of Poisson's ratio, whereas in the Maxwell model, the effect of
Poisson's ratio was ignored.

To explain the difference between the present model and other mod-
els reported in literature, Fig. 2 shows a comprehensive comparison be-
tween six different models for a two-phase concrete, in which the for-
mulas used for parallel, series, Counto-I, and Counto-II models can be
found in ref. (Zhou et al., 1995). In the present model the effective Pois-
son's ratio is assumed to be νeff = Vaν1+(1-Va)ν2, whereas for the
Maxwell model all Poisson's ratios are assumed to be zero when Eq.
(16) is used. The values used in the calculation for the elastic moduli
and Poisson's ratios are E1 = 54 GPa and ν1 = 0.23 for coarse aggre-
gate (gravel), and E2 = 25 GPa and ν2 = 0.21 for mortar. It can be ob-
served from Fig. 2 that the parallel model provides the upper bound,
whereas the series model gives the lower bound. Note that the parallel
and series models have been widely used in fibre-reinforced composite
materials for estimating the Young's modulus of composite materials.
However, the accuracy of these two models is largely dependent on the
volume fraction of the fibres used in the composite. In general, it is
more appropriate to use the series model if the volume fraction of fibres
is very small; whereas the parallel model should be used if the volume
fraction of fibres is high. For concrete the volume fraction of aggregate
is normally not over 0.6. Thus, neither the parallel model nor the series
model would be accurate. In the Counto models the aggregate is as-
sumed to be as a small square covered by the matrix in a large square.
The difference between the two Counto models is only the four “corner”
parts, which are treated as “in-series first followed by in-parallel” or
“in-parallel first followed by in-series”. This explains why the predicted
values by them do not have significant difference. In the Maxwell
model the aggregate is assumed to be a small sphere covered by the ma-
trix in a large sphere. The Maxwell model is close to Counto-I model
when the volume fraction of aggregate is very small. When the volume
fraction becomes large the Maxwell model gives an overprediction. In
contrast, the present model is between the two Counto models. The
elastic modulus predicted by the present model is consistently lower
than that predicted by the Maxwell model, indicating that the Poisson's
ratio does have some effect on the effective elastic modulus.

Fig. 3 illustrates the variation of effective elastic modulus with the
volume fraction of aggregate for three different types of aggregate. As it
is expected, the effective elastic modulus increases with increased vol-
ume fraction of aggregate because the elastic modulus of the aggregate

Fig. 2. Comparison of elastic moduli calculated using different approaches
(E1 = 54 GPa, ν1 = 0.23, E2 = 25 GPa, ν2 = 0.21).
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Fig. 3. Variation of effective elastic modulus with volume fraction of aggregate
(ν1 = 0.23, E2 = 25 GPa, ν2 = 0.21).

is generally larger than the elastic modulus of the mortar. The larger
the elastic modulus of the aggregate, the quicker the increase of the ef-
fective elastic modulus of the concrete. For instance, the effective elas-
tic modulus can be increased by 22%, 53% and 74%, respectively,
when 50% volume fraction aggregate with elastic modulus 1.5E2,
2.5E2, and 3.5E2 is used.

Table 1 shows the comparison of the elastic moduli and Poisson's
ratios between the present model and those obtained from the experi-
ments for the concrete mixed using different types of coarse aggregate
(expanded clay, sintered fly ash, limestone, gravel, glass, and steel).
The experimental data were reported by Zhou et al. (1995) for the con-
cretes at the age of 28 days, whereas the model prediction value is cal-
culated using Eq. (16). It can be seen from the table that the elastic
modulus and Poisson's ratio predicted from the present model are rea-
sonably close to those measured in the experiments. This demonstrate
that the elastic modulus of concrete can be evaluated based on the
properties of mortar and aggregate mixed in the concrete by using the
present two-phase model represented by Eq. (16).

3. Effective elastic modulus of concrete with both natural and
recycled aggregates

It has been reported in literature (Dhir and Lye, 2019) that the elas-
tic modulus of concrete will reduce when its mixture includes coarse
RCA. The level of reduction is dependent on the mechanical properties
of RCA, the content of RCA used in the mixture, and the mix design pa-
rameters of the concrete. The reason for this is because the RCA not
only has adhered old mortar which is relatively softer than the aggre-

Table 1
Comparison of elastic moduli obtained from model prediction and test for
concrete with aggregate volume fraction Va = 0.425.
Component Elastic

modulus
(GPa)

Poisson's
ratio

Eeff (GPa)
(Test) (Zhou
et al., 1995)

Eeff (GPa)
(Model)

νeff
(Test)

νeff
(Model)

Mortar
(matrix)

40.8 0.21 – – – –

Expanded
clay

5.2 0.41 18.6 20.1 0.29 0.295

Sintered fly
ash

18.2 0.28 30.2 29.3 0.26 0.240

Limestone 56 0.29 49.5 46.9 0.27 0.244
Gravel 54 0.23 51.3 45.9 0.21 0.219
Glass 72 0.26 52.8 51.5 0.25 0.231
Steel 210 0.30 69.9 69.0 0.28 0.248

gate itself but also could have mechanical damage during its recycling
process (Yuan et al., 2023; Hu et al., 2018). To identify the influence
mechanism of the replacement ratio of RCA to natural aggregate on the
elastic modulus of the mixed concrete, the effective medium approxi-
mation (EMA) is used and modified herein. Note that the original ver-
sion of EMA was developed to describe the macroscopic properties of
two-phase materials (Bruggeman, 1935; Landauer, 1952). When it is
used for calculating the effective elastic modulus of two-phase materi-
als, the EMA can be written as follows,

(17)

where E1 and V1 are the elastic modulus and volume fraction of the
material in phase 1, E2 and V2 are the elastic modulus and volume frac-
tion of the material in phase 2, and V1+V2≡1. Eq. (17) can be rewritten
as follows,

(18)

Note that Eq. (18) cannot be directly applied to the concrete that
contains both natural and recycled aggregates because apart from nat-
ural and recycled aggregates, there is a mortar phase in the concrete.
However, if the concrete is treated as a random mixture of concrete 1,
which is made of mortar and natural aggregate alone, and concrete 2,
which is made of mortar and RCA alone, then Eq. (18) can be expressed
as follows,

(19)

where x is the substitution ratio of RCA to natural aggregate, Eo and
E100 are the elastic moduli of the concrete 1 with 0% RCA (100% nat-
ural aggregate) and concrete 2 with 100% RCA (0% natural aggregate),
respectively. For a given concrete, Eo and E100 can be calculated directly
using Eq. (16) in terms of the elastic moduli and Poisson's ratios of the
mortar, natural aggregate and RCA. It is obvious that concrete 1 and
concrete 2 are mathematically symmetric in Eq. (19), which implies
that the natural aggregate and RCA are independent in the mixture. Fig.
4 provides a graphical interpretation of Eq. (19) when it is applied to
the three-phase concrete with mortar, natural aggregate and RCA.

Fig. 4. Spring model interpretation of effective medium approximation.
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By rearranging Eq. (19), the effective elastic modulus of concrete
mixed with both natural aggregate and RCA can be expressed as fol-
lows,

It is obvious from Eq. (20) that, if x = 0 then Eeff = Eo and if x = 1
then Eeff = E100. Eq. (20) shows that Eeff is a nonlinear function of x, E0
and E100, and as x increases from 0 to 1, Eeff varies from E0 to E100. Eq
(20) together with Eq. (16) can be used to calculate the effective elastic
modulus of concrete mixed with both natural aggregate and RCA. The
input parameters required for the calculation of Eeff are the elastic mod-
uli and Poison's ratios of the mortar, natural aggregate and RCA, the
volume fraction of mortar, and the replacement ratio of RCA to natural
aggregate used in the concrete mix. These parameters can be easily ob-
tained from the tests of individual materials (mortar, natural aggregate,
and RCA) and the mixing design parameters (volume fraction of mortar
and the replacement ratio of RCA to natural aggregate) used for the
concrete mixture.

Fig. 5 graphically illustrate the effect of the elastic modulus of RCA
on the relative value of the effective elastic modulus of the concretes
mixed with three different types of RCA calculated using Eq. (20), in
which Eo and E100 are calculated using Eq. (16). The elastic moduli and
Poisson's ratios of individual components used in the calculation are
Em = 18 GPa, νm = 0.25, ENA = 54 GPa, νNA = 0.25, and
νRCA = 0.24. The volume fraction of natural aggregate plus RCA is
Va = 0.52. It is observed from Fig. 5 that the relative modulus reduces
with increased replacement ratio of RCA to natural aggregate. The re-
duction seems quicker for the concrete with lower elastic modulus RCA.
For example, the relative modulus of the concrete with 100% replace-
ment of RCA with elastic modulus ERCA = 0.4ENA, ERCA = 0.6ENA and
ERCA = 0.8ENA is about 0.65, 0.80 and 0.90, respectively.

Fig. 6 displays the effect of the elastic modulus of mortar on the rel-
ative value of the effective elastic modulus of the concrete, in which the
elastic moduli and Poisson's ratios of individual components used in the
calculation are ENA = 54 GPa, νNA = 0.25, ERCA = 30 GPa,
νRCA = 0.24, and νm = 0.25. Again, the volume fraction of natural ag-
gregate plus RCA is Va = 0.52. It can be seen from Fig. 6 that, when the
effective elastic modulus is normalised by using the elastic modulus of
the concrete mixed with 100% natural aggregate, the difference be-
tween the variation curves with different mortars seems not substan-

Fig. 5. Effect of elastic modulus of RCA on effective elastic modulus
(Va = 0.52,
Em = 18 GPa, νm = 0.25, ENA = 54 GPa, νNA = 0.25, νRCA = 0.24).

Fig. 6. Effect of elastic modulus of mortar on effective elastic modulus
(Va = 0.52,
νm = 0.25, ENA = 54 GPa, νNA = 0.25, ERCA = 30 GPa, νRCA = 0.24).

tial, particularly when the mortar has higher elastic modulus value. For
example, the relative modulus of the concrete with 100% replacement
of RCA with elastic modulus Em = 0.3ENA, Em = 0.5ENA and
Em = 0.7ENA is about 0.77, 0.75 and 0.74, respectively.

To validate the present three-phase model described by Eq. (20), ex-
perimental data obtained from Zheng et al. (2023) and Liu et al. (2023)
are utilized. Fig. 7 shows the comparison of the present model predic-
tion using Eq. (20) with Zheng et al. experimental data (Zheng et al.,
2023). In Zheng et al. experiment, the natural aggregate was gravel,
and the RCA was recycled brick aggregate. The geopolymer concrete
(GPC) and ordinary Portland cement (OPC) concrete were mixed by us-
ing five different substitution ratios of RCA to natural aggregate. In the
calculation, the elastic moduli of concretes with 0% RCA and 100%
RCA are Eo = 21.5 GPa and E100 = 10 GPa for GPC, and
Eo = 32.5 GPa and E100 = 19 GPa for OPC concrete, respectively. Fig.
8 shows the comparison of the present model prediction using Eq. (20)
with Liu et al. experimental data (Liu et al., 2023). In Liu et al. experi-
ment, the natural aggregate was crushed stone, and the RCA was ob-
tained from concrete beams and columns in a demolished house. Two

Fig. 7. Comparison between model prediction and experimental data (Zheng et
al., 2023)
(GPC: Eo = 21.5 GPa, E100 = 10 GPa; OPC concrete: Eo = 32.5 GPa,
E100 = 19 GPa).
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Fig. 8. Comparison between model prediction and experimental data (Liu et al.,
2023)
(C35: Eo = 32 GPa, E100 = 22 GPa; C25: Eo = 29 GPa, E100 = 19 GPa).

concrete mixes with target strength for C25 and C35 were mixed by us-
ing six different substitution ratios of RCA to natural aggregate. In the
calculation, the elastic moduli of concretes with 0% RCA and 100%
RCA are Eo = 32 GPa and E100 = 22 GPa for C35, and Eo = 29 GPa
and E100 = 19 GPa for C25, respectively. It can be observed from Figs.
7 and 8 that the effective elastic modulus predicted using the present
model agrees generally well with that measured in experiments. This
demonstrates that the three-phase model developed by modifying EMA
to calculate the effective elastic modulus of the concrete mixed with
both natural and recycled concrete aggregates is logical and reliable.

To further demonstrate the modified EMA model in which the pre-
dicted elastic modulus is calculated using Eq. (20) based on the experi-
mentally obtained Eo and E100 values, Fig. 9 plots a comparison between
the effective elastic modulus calculated using Eq. (20) and that mea-
sured in experiments, taken from López-Gayarre et al. (2011) and Yang
et al. (2008) for concretes with different replacement ratios of RCA to
natural aggregate. It can be seen from the figure that there is a good
agreement between the predictions and experiments.

The above validation of Eq. (20) is based on the known elastic mod-
ulus values of concrete with 0% and 100% RCA. If the concrete is repre-

Fig. 9. Comparison between model prediction and experimental data
(Test data 1 and 2 are taken from Refs. (Liu et al., 2023; Yang et al., 2008), re-
spectively).

sented by mortar, natural aggregate, and RCA, then Eqs. (16) and (20)
need be used together to calculate the effective elastic modulus of the
concrete. To demonstrate the reliability of the present approach, a two-
dimensional plane stress linear finite element analysis (FEA) model, as
shown in Fig. 10a,is developed, in which the geometry represents one
quarter of a concrete block. In the stress analysis the horizontal dis-
placement of the line OA and the vertical displacement of the line OC
(see Fig. 10a) are restrained. The line AB is the displacement control
boundary and has a negative vertical displacement of 0.001 m. The line
BC has a free boundary condition. The dimensions of the geometry are
0.05 m (width) and 0.10 m (length). The volume fraction of mortar is
assumed to be Vm = 0.48. The volume fractions of natural aggregate
and RCA vary with the replacement percentage of RCA to natural ag-
gregate, but the sum of them remains to be 0.52. The elastic moduli and
Poisson's ratios of the mortar, natural aggregate, and RCA used in the
simulation are given in Table 2. The effective elastic modulus of the
concrete is calculated based on the average compressive stress on the
boundary OC and the average compressive strain applied (1%). Both
the natural aggregate and RCA are modelled as randomly distributed
circles. Due to the small size of aggregates an adaptive mesh scheme
was used in the analysis to ensure the accuracy of the results obtained
(Li et al., 1995, 2012). Fig. 10b shows the finite element mesh em-
ployed in the analysis. The analysis is carried out by using commercial
software COMSOL. Fig. 11 shows the comparison of the effective elastic
modulus values obtained from the FEA and that calculated using Eqs.
(16) and (20) for two different cases as shown in Table 2. It can be seen
from Fig. 11 that the effective modulus calculated from Eqs. (16) and
(20) is very close to that obtained from the FEA. This demonstrate that
the three-phase model developed herein can provide good prediction of
the effective elastic modulus of the concrete containing both natural
and recycled concrete aggregates. Compared to the FEA, the present an-
alytical approach is much simple and convenient to use. It also has clear
physical meaning.

4. Conclusions

An analytical model has been reported in the present paper for cal-
culating the effective elastic modulus of concrete containing both nat-
ural and recycled concrete aggregates. Two analytical formulas have
been derived. One is for the two-phase concrete that is mixed with
100% natural aggregate or 100% RCA. The other is for the three-phase
concrete that is mixed with both natural and recycled concrete aggre-
gates. The rationality and correctness of the present model have been
demonstrated by using both the test data published in literature and the
numerical results obtained from our own finite element analysis. From
the results obtained, the following conclusions can be drawn.

• The present two-phase model described by Eq. (16) takes into
account the effect of Poisson's ratio, which appears important
when the mortar, natural aggregate, and RCA have distinct
Poisson's ratios. The effective elastic modulus when the Poisson's
ratio effect is considered will be lower than that calculated using
Maxwell model.

• The present three-phase model described by Eqs. (16) and (20) is
simple, meaningful, and convenient to use. The model has a
symmetric feature for the natural and recycled concrete
aggregates mixed in concrete. The model reflects a direct effect of
the use of RCA on the elastic modulus of the mixed concrete.

• The effective elastic modulus of concrete is dependent on both
the modulus ratio and substitution ratio of RCA to natural
aggregate. It decreases with the increase of substitution ratio of
RCA to natural aggregate, but increases with the increased
modulus ratio of RCA to natural aggregate.

• The effective elastic modulus of concrete is also influenced by the
modulus ratio of mortar to RCA. However, when the effective
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Fig. 10. (a) Schematic of finite element analysis model of three-phase concrete containing
mortar, natural aggregate and recycled concrete aggregate. (b) Finite element mesh.

Table 2
Elastic modulus and Poison's ratio of components used in concrete.
Component Mortar Natural aggregate Recycled concrete aggregate

E1 (GPa) ν1 E2 (GPa) ν2 E3 (GPa) ν3

Case 1 18 0.25 54 0.23 35 0.24
Case 2 18 0.25 54 0.23 25 0.24

Fig. 11. Comparison between model prediction and FEA results.

elastic modulus is normalised by using the elastic modulus of the
concrete mixed with 100% natural aggregate, its value is less
sensitive to the change of mortar's elastic modulus.
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